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Abstract. This paper studies microlocal regularity properties of the 
distributions / on a strongly noncharacteristic submanifold i? of a hypo- 
analytic manifold M that arise as the boundary values of solutions on 
wedges in M with edge E. The hypo-analytic wave-front set of / in the 
sense of Baouendi-Chang- Treves is constrained as a consequence of the 
^^ \ fact that / extends as a solution to a wedge. 
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1. Introduction 



There is an extensive literature concerning the local extension of CR 

functions from submanifolds of C™, beginning with the seminal paper 

^ ■ of H. Lewy 0. Much of the theory is described in the books @ and 

K^ ! IPERII , and is concerned with extension of CR functions defined in a 



neighborhood of a given point in the submanifold. In ||Tu|] , Tumanov 
has extended his minimality criterion for wedge extendability to the 

P^ . situation in which the CR function is itself defined on a wedge in the 

submanifold. His criterion gives a general condition sufficient for ex- 

O I tendability to a wedge in C", but does not give information about 

^ ■ the direction of this wedge. Our work [pi)C2|| for hypersurfaces shows 

c^ . that there are interesting phenomena associated to the directions of 

the wedges: the classical edge of the wedge theorem may or may not 
hold for CR functions on a Levi-indefinite hypersurface, depending on 
directions of the wedges involved. In this paper we study the extension 
problem from wedges in a general setting, with the intent of providing 

5^ I a good description of the directions of the wedges. 

The analytic wave-front set of a function (or distribution) on M™ pro- 
vides a precise microlocal description of the directions of the wedges to 
which the function extends holomorphically. An analogous microlocal 



theory of hypo-analytic wave-front sets was developed in ||BCT|| to de- 
scribe extension of CR functions. Our results are formulated in terms 
of this hypo-analytic wave-front set. The natural setting for this theory 
is that of a manifold M with a hypo-analytic structure, a generalization 
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of the intrinsic structure induced on a generic submanifold of C™. The 
CR functions are replaced by the solutions of an involutive subbundle 
V C CTM, and the holomorphic coordinate functions by a choice of a 
maximally independent set of such solutions, fixed up to a biholomor- 
phic change. The local theory of these structures is given in [[Ir 
review the relevant parts of |I^ and [[BC'1| in §2. 



we 



Our setting is thus a wedge W in a hypo-analytic manifold M. We 
assume that the edge i? of W is a strongly noncharacteristic submani- 
fold of M. If M is a generic CR submanifold of C"^, this means exactly 
that E is also a generic submanifold of C"^, which is contained in M. 
We denote hj le '■ E "^^ M the inclusion. Particular cases of interest 
are the maximal case in which E is an open subset of M, the minimal 
case in which E is maximally real, and the case in which ii^ is a non- 
characteristic hypersurface in M. For the latter, a wedge with edge 
E is an open set in M having boundary E. If p G E, the interior of 
the set of tangent vectors at p to curves in W defines the direction 
wedge TpiyV), a linear wedge in TpM with edge TpE. The interaction 
between the geometry of the wedge W and the involutive structure V 
is captured by defining a real subbundle V^ C V\e by 

V^ = {LeV\E:ReLeTE} 

and transferring the direction wedge to V by defining 

r^(>V) = {LeV^ : ImL G T{W)}. 

Set also 

r^(W) = {ReL:LeT^iW)}. 

Then rJ(>V) is a cone in TpE; in general F^ (W) is contained in a 
proper subspace of TpE. 

The Levi form is a crucial ingredient in the theory. The set T° of 
characteristic covectors at p G M is defined by 

T; = {a G T;M : a{L) = for all L G Vp}. 

The Levi form C^ '■ VpXVp ^ dor a E T° is the Hermitian sesquilinear 
form defined by 

for any sections Li, L2 of V. If L G Vp, define L j C^ : Vp ^ C hj 

{LjC^){L') = C^{L',L). 
We set Ca{L) = Ca{L, L) and we define the second Levi form 
(1.1) 4(L)=a([L,[L,I]]) 

for L a section of V. \i L j C^ = 0, then Cl{L) depends only on L\p. 
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Now E inherits a hypo-analytic structure from that on M, so ac- 
cording to PCT|| , we can consider the hypo-analytic wave- front set 



WF^if) C T*E \ {0} of a solution / G V'{E) of the involutive struc- 
ture on E. Our results give constraints on WF^{f) if / is the boundary 
value of a solution on a wedge W C M. When M is a generic sub- 
manifold of C", such constraints imply that / may be written as the 
sum of boundary values of holomorphic functions in certain wedges, 
and in favorable circumstances, as the boundary value of a holomor- 
phic function in a single wedge or even a full neighborhood of a point 
oiE. 

If V^ is a vector space and C G V is a cone, we define the polar C°, 
a closed convex cone in V^* \ {0}, by 

C° = {^eV*\ {0} : ^{v) > for all v G C}. 

Our main results can be collected as follows. 

Theorem 1.1. Let M be a hypo-analytic manifold, let E G M be a 
strongly noncharacteristic submanifold, and let W be a wedge in M with 
edge E. Suppose that f G T>'{E) is the boundary value of a solution of 
V on W. Then we have: 

1. WF^'if) G (r^(w))°. 

2. If p G E and a G T° is such that there is L G F^ (W) so that one 
of the following conditions holds: 

(a) C^{L) < 

(b) C„{L) = and LjC^^O 

(c) £^(L) = and V3\ lmCl{L)\ < ReCl{L), 
thenC^a iWF'^if). 

The second condition in (c) is interpreted in the sense that it should 
hold for some extension of L as a section of V. However, because of 
(b), we may as well assume in (c) that L j£o- = 0, in which case C?„{L) 
is independent of the extension. 



Part 1. in Theorem |L1] is the wedge version of Theorem 3.3 of [[BCT 
which states that if E is maximally real and / is the restriction of a 
solution defined in a full neighborhood of E, then WF^{f) G l*^T°. It 
follows from 1. that this same conclusion can be reached assuming that 
/ is the boundary value of solutions from two opposite wedges, which 
gives a weak version of the classical edge of the wedge theorem in this 
setting. It is always the case that l%T° G (r-^(W))°, so 1. can never 
be used to remove characteristic covectors, i.e. elements of i^T°, from 
WF^if). 

The conditions in Part 2. allow one to remove characteristic covectors 
from WF^{f). Condition (a) is the hypo-analytic wedge version of the 
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H. Lewy extension theorem, and generalizes Theorem 6.1 of 

for solutions defined in a full neighborhood of p. Condition (b) is an 

analogue for general hypo-analytic manifolds and wedges of a result of 

h)G2|| for hypersurfaces in C™ and for maximally real edges. However, 



the corresponding result (Remark 4.3) in [[EG2|| assumes instead of 



L J Ca 7^ the weaker condition that C^ is indefinite. It would be 
interesting to determine if (b) holds with this weaker hypothesis in the 
general case. Condition (c) is a wedge version of a theorem of Chang 
[0], who proved the analogous result for solutions defined in a full 
neighborhood under the hypotheses £o- = and >C^(L) 7^ for some 
L G Vp. Our result is stronger than Chang's even in this case, as we 
replace the condition £„. = by the weaker hypothesis that C(j{L) = 
for a section L of V for which C?„{L) 7^ 0. 

All parts of Theorem 1.1 are proved using a characterization of |PCT | 



of the complement of the wave-front set in terms of exponential decay 
of an adapted version of the FBI transform on a maximally real sub- 
manifold X of E. In all cases, the decay of the FBI transform is 
established by a deformation of contour corresponding geometrically 
to the choice of a submanifold y+ C W whose boundary is X. Even 
though our results are more general, our arguments are simpler than 
those of ||BC'1]| and O. We are able to achieve this by systematically 



using a reduction introduced in [|C|, which allows one to assume that 
the involutive structure of M is a CR structure, and by choosing X 
and Yj^ geometrically before introducing special choices of coordinates. 



The changes of coordinates used in ||BC'1]| and |C[ in the proofs of the 
full neighborhood versions of (a) and (c) use the fact that the solution 
is defined in an open set and cannot be applied in the wedge setting. 

Background information and results are given in §2. In §3, we prove 
Theorem [1.1| and show how to use this to recover results of | ii]G2[ | on 



extension of CR functions from wedges in hypersurfaces of C™". In 
§4, we discuss the involutive structure on the blow-up of a manifold 
with involutive structure along a strongly noncharacteristic submani- 
fold; this is a construction intimately connected with the geometry of 
wedges, which provides an alternative method of studying solutions on 
a wedge. 



2. Hypo-analytic Structures 

We begin by summarizing some of the basic notions and main results 
we will need about hypo-analytic manifolds. Some of this material is 
covered in more detail in |T^ and ||BC'1]| . 
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A hypo-analytic structure on a smooth manifold M of dimension 
n + m (with n > and m > 1) consists of a choice in a neigh- 
borhood of each point of M of m smooth complex valued functions 
Zi, . . . , Zm with dZi, . . . , dZm everywhere linearly independent, deter- 
mined in overlaps up to a local biholomorphism of C". The number 
m is sometimes called the dimension of the hypo-analytic structure 
and n its codimension. A basic example is a generic CR submanifold 
M of C™, or more generally of a m-dimensional complex manifold, in 
which the functions Zj are taken to be the restrictions of the com- 
plex coordinate functions. That M is a generic CR submanifold means 
exactly that dZi, . . . ,dZm are everywhere linearly independent when 
restricted to TM. A function / on a hypo-analytic manifold M is said 
to be hypo-analytic if in a neighborhood of each point p G M it is 
of the form / = h{Zi, . . . , Zm) for a holomorphic function h defined 
in a neighborhood in C™ of ((Zi(p), . . . , Zm{p))- Thus for generic CR 
submanifolds of C™, the hypo-analytic functions are the restrictions to 
M of holomorphic functions defined in a neighborhood. 

The subbundle T' C CT*M spanned by dZi, . . . , dZ^ is independent 
of the choice of hypo-analytic chart [Zi, . . . , Z^) and is called the struc- 
ture bundle of the hypo-analytic structure. Its annihilator V = T' is 
a subbundle of CTM of dimension n, and is involutive in the sense 
that the space of its sections is closed under Lie bracket. The bundle 

V is called the involutive structure underlying the hypo-analytic struc- 
ture. We sometimes write T'M and VM for T' and V. In general, an 
involutive structure may underlie different hypo-analytic structures. A 
distribution / on M is said to be a solution of V if Lf = for all smooth 
sections L of V. The involutive structure is said to be a CR structure 
if V n V = {0}. If a hypo-analytic structure has involutive structure 

V which is CR, then the map Z = {Zi, . . . , Z^) defines a local diffeo- 
morphism from M to a generic CR submanifold of C", so locally the 
hypo-analytic structures of CR type are exactly the structures induced 
on generic submanifolds. 

A real cotangent vector a G T*M is said to be characteristic for the 
involutive structure V if (j{L) = for all L G Vp, and the space of 
characteristic covectors at p is denoted T° or T°M. The dimension d 
of T° need not be constant as p varies, so T° is not in general a vector 
bundle. However, d is easily seen to be upper-semicontinuous. 

A smooth submanifold ii^ of M is said to be strongly noncharacter- 
istic if CTpM = Vp + CTpE for each p E E, and maximally real if 
CTpM = VpQCTpE. We will need two basic facts concerning solutions 
of V near a strongly noncharacteristic submanifold E of M. The first 
(Proposition 1.4.3 of |n) is that if local coordinates for M are chosen 



6 M. G. EASTWOOD AND C. R. GRAHAM 

near a point of E such that E is defined by the vanishing of a subset 
of the coordinates, then any solution of V near E is a smooth function 
of the variables transverse to E valued in distributions in the vari- 
ables along E. In particular, the restriction of any solution of V to any 
strongly noncharacteristic subnianifold is well-defined. The second fact 
(Corollary II. 3. 7 of [I^) is the uniqueness result that if a solution of 
V vanishes when restricted to a strongly noncharacteristic subnianifold 
E, then it must vanish in a neighborhood of E. 

Observe that if i? is a strongly noncharacteristic subnianifold of a 
hypo-analytic manifold M, there is an induced hypo-analytic structure 
on E since dZi, . . . , dZ^ remain linearly independent when restricted to 
TE. We denote by VE = VMDCTE the induced involutive structure, 
which for p E E satisfies dime Vp-E" = dim E — m. It is a consequence of 
the uniqueness result above that a (distribution) solution of the involu- 
tive structure on M is hypo-analytic near a point p of ii^ if and only if 
its restriction to E is hypo-analytic near p for the induced structure. If 
X C M is a maximally real subnianifold and p G X, then VpX = {0}; 
whence every distribution on X is a solution. 

If £^ C M is a strongly noncharacteristic subnianifold and p E E, 
define 

V^ = {Le VpM : Re L e TpE}. 
We sometimes write Vf'M for Vf'. 

Lemma 2.1. V^ is a real suhhundle ofVM\E of rank = n+dimE—m. 
The map Ini which takes the imaginary part induces an isomorphism 
V^/VE = TM\e/TE. 

Proof. For p E E, the map Ini : V^ — > TpM induces a map Vf' — > 
TpM/TpE which we claim is surjective. In fact, if f G TpM, then 
since E is strongly noncharacteristic, we can find L G VpM and w G 
CTpE so that iv = L + w. Taking the real part shows that L G V^f , 
whereupon taking the imaginary part shows that v = ImL -|- Iraw 
as desired. The kernel of the map Vp -^ TpM/TpE is VpE, so there 
is an induced isomorphism Vp /VpE = TpM/TpE. Hence dimV^f = 
dim TpM — dim TpE + dimjR VpE = n + dim E — m is independent of p, 
from which the lemma follows. D 

Observe that ReV^f = (Re VpM) fl TpE. In general, the dimension 
of this space as well as that of ImVf' C TpM may vary with p E E. 
However, if the involutive structure of M is CR, then Re and Im are 
injective on VM, so also on V^ . Also, for general M, if X C M is 
maximally real then VpX = {0}, so Lemma p.l| shows that in this case. 
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Im defines an isomorphism from V^ to a ra-dimensional subspace A/^ 
of TpM which is a canonical complement to TpX in the sense that 

(2.1) TpM = TpX®Afp. 

We next show that there are special coordinates in a neighborhood 
of a point p of a maximally real submanifold X in which both X and 
the basic solutions Zi, . . . , Z^ have particularly nice representations. 
To high order at p, these coordinates give a fine embedding for the 
structure (in the sense of JTrj) adapted to X. 

Let then X C M be a maximally real submanifold and p G X. Dual 
to (g3]) is the splitting T*M = {TpX)^®M^. One has 

^f^ = {Im (3 : 13 e Tp and Re/3 G (TpX)^} 

and a linear map J : A^ -^ (TpX)-^ is defined by J(Im/?) = — Re/? for 
P E Tp. Clearly, T° C J\f^. Set d = dimnj T^ and u = m — d. Choose a 
basis {o"i, . . . , ad} for T^ and extend to a basis {o"i, ... , cr^, ^i, . . . , ^,^} 
for Mp. Set ?7j = J(^j). Then {?7i,... ,?7i,} is linearly independent 
in (TpE)-^ and so we may extend to a basis {771, ... , t],^, ri, . . . , r„_,^} 
of {TpE)^. Thus, we have a constructed a basis {^j, rjj, o"fc, r/} for T^ M 
in which one has 

T° = spanjj{<Tfc} Mp = {o-fc = ^j = 0} 

T^ = spanclcTfc, + ^^i) ^pE = {r]j = n = 0}. 

Proposition 2.2. Lei X &e a maximally real submanifold of a hypo- 
analytic manifold M and let p G X . For each integer N > 1 there 
is a neighborhood U of p in M with local coordinates {xj,yj,Sk,ti) for 
^^j^v,^^k<d,l<l<n — V, and solutions Zi, . . . , Z^ for the 
hypo-analytic structure on U , so that (x, y, s, t) = at p and so that: 

Xnf/ = {y = t = 0} 

(2.2) Zj = Xj + iyj + i^j(x, s) I < j < y 

(2.3) Z^+k = Sk + i^k{x,y,s,t) l<k<d 

where the ^j(x, s) and $fc(x, y, s, t) are smooth real functions satisfying 
rf<|.fc(0) = and 

(2.4) \^,{x,s)\ = 0{{\x\ + \s\f), |$fc(x,0,s,0)| = 0{{\x\ + \s\f). 

Proof. Let {■Cj; ^7^; cr^, r^} be the basis for T*M chosen above. For any 
solutions Zi, . . . , Zm, the fiber T^ is the span of {dZi, . . . , dZm}- Since 
also Tp = spanj^j + irij,ak}, by replacing the Z's by a linear com- 
bination we can assume that dZj{p) = ^j + irjj ioi 1 < j < u and 
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dZ^^k{p) = ak ioT 1 < k < d. Define an initial set of coordinates by 
setting Xj = Re Zj and i/j = Im Zj for 1 < j < z/, s^ = Re Z^+k 
for 1 < k < d, and by choosing functions ti for 1 < I < n — u 
such that t; = on X and dti{p) = ti. Since dZy^k{p) = a^ is 
real, it follows that dZ^^kip) = dReZ^+k{p) = dskip)- Recalling 
that TpX = {t]j = t; = 0}, it follows then that in the coordinates 
{xj,yj,Sk,ti) we have Zj = Xj + iyj, Z^+k = Sk + i^k{x,y,s,t), and 
X = {yj = \E'j(x, s),ti = 0} for real functions $fc(x, y, s, t) and \E'j(a;, s) 
satisfying d^k{0) = c?^j(0) = 0. 

The Taylor expansions to order A^ at p of the $fc and \E'j may be 
written ^k{x,y,s,t) = pk{x,y,s,t) + 0{{\x\ + \y\ + \s\ + \t\)^) and 
"^jix, s) = qj{x, s) + 0((|a;| + |s|)^), where the pk and qj are real poly- 
nomials of degree at most A^ — 1 in their respective variables. Observe 
that on X we have 

Zj = Xj + iyj = Xj + iqj{x, s) + 0{{\x\ + \s\)^), 

Z^+k = Sk + ipk{x, q{x, s), s, 0) + 0((|x| + |s|)^). 

The polynomial map V : M."^ — > C™ given by 

V{x, s) = {x + iq{x, s),s + ip{x, q{x, s), s, 0)) 

may be extended to C™ simply by allowing x and s to be complex. 
Denote also by V : C'" -^ C™ this extension. Since dp{0) = dq{0) = 0, 
it follows that dV{0) = I, so V is invertible near as a map from C™ 
to C™. Define new solutions Zi, . . . , Z^ near p for the hypo-analytic 
structure by {Zi, . . . , Z^) = V~^{Zi, . . . , Zm)- It then follows from 



(|2.5| ) that on X we have Zj = Xj + 0((|a;| -|- |s|) ) for 1 < j < z/ and 
Z,+k = Sk + 0{{\x\ + \s\)^) ioT 1 < k < d. 

Define new coordinates (x, y, s, i) on M near p by Xj = Re Zj, yj = 
Im Zj, Sk = HeZyj^ki and ti = ti. Then in these coordinates we have 
X = {yj = \E'j(x, s), ii = 0} for functions \l/j(x, s) satisfying \^j(x, s) = 
0{{\x\ + \S\)^), and also ImZ^+fc = 0{{\x\ + \s\)^) on X. Finally, 
replace y hj y + \E'(x, s) but leave x,s,i unchanged. In these new 
coordinates we have X = {y = t = 0} and the solutions Z have the 
desired form. D 

Remark 2.3. In |PCT|| , coordinates are used which satisfy the condi- 
tions of Proposition |2.2| but also for which "^j = 0, 1 < j < u (see 
II (3.9), (3.10) of PCT|| ). However, such coordinates do not exist in 
general-for example, if the structure is complex, the existence of such 
coordinates implies that X is real-analytic. It is possible to correct 
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the proofs of the Theorems in |PCT|| by using instead the coordinates 



given in Proposition 2.2 



Let E he a submanifold of a smooth manifold M. In a neighborhood 
of a point of E we may introduce coordinates (x', x") for M with x' G W 
and x" G W in which E = {x" = 0}. By a wedge in M with edge E we 
will mean an open set W C M which in some such coordinate system 
is of the form W = B x C, where ;B is a ball in W and C C M* is 
the intersection of a ball about the origin with an open convex cone in 
M'^ \ {0}. Of course, this representation of W is only local and depends 
on the choice of coordinates, but we are interested in local properties 
near a point of E and a direction of W, so this will suffice for our 
purposes, li p E E, we define the direction wedge TpCW) C TpM to be 
the interior of {c'(0) | c : [0, 1) — *> M is a smooth curve in M satisfying 
c(t) G W for t > 0, c(0) = p}. Then TpiVV) is a linear wedge in TpM 
with edge TpE, and is determined by its image in TpM/TpE, an open 
convex cone. We set T{yV) = Up(zE'^p{'yV). 

Suppose now that M has an involutive structure V and that W is a 
wedge in M whose edge E is a strongly noncharacteristic submanifold of 
M. According to Lemma \i.l\ , Im induces an isomorphism : V^ /VE -^ 
TM\e/TE. Since the direction wedge TpiW) is determined by its 
image in TpM /TpE, we can use Im to define a corresponding wedge in 
Vp which carries precisely the same information as FpCVV). For p E E, 
define 

r^(W) = {LGV,^:ImLGr,(W)}. 

Then F^ (W) is a linear wedge in Vp with edge VpE. We also define 

Fj(>V) = {ReL:LGF^(W)}. 

Since Re maps Vp surjectively to (Re VpM) fl TpE C TpE, it follows 
that Fj(W) is an open cone in (Re VpM) n TpE. We set F^(W) = 
Up^ET^iyV) and F^(W) = Upei?Fj(W). 

Let u G P'(W) be a solution of V and let / G V'{E). Let {x',x") 
be a coordinate system in which E = {x" = 0} and suppose that B is 
a ball in W and C the intersection of a ball about the origin with an 
open convex cone in W^ \ {0} such that B x C G W. As mentioned 
previously, shrinking B and C if necessary, u defines a smooth function 
on C with values in V'{B). We say that u has boundary value /, or 
that / is the boundary value of u, and write bu = /, if in each such 
coordinate system (x', x") and for each such B and C, when viewed as 
a function on C with values in V'{B), u extends continuously to CU {0} 
and equals / at x" = 0. Observe that this implies that / is a solution 
of VE. We claim that if u has boundary value /, then u is actually 
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C°° up to x" = with values in T>'{B). In fact, since E is strongly 
noncharacteristic, one may choose sections Li, . . . ,Ls of VM near E 
of the form Lj = d^" + Yll:=i4'jk{x' , x")dx' with (pj^ smooth. Since 
LjU = 0, it follows that dx"U = — YlT=i 'Pjkdx'U, so each dx"U extends 
continuously up to y = 0. The smoothness of u up to x" = follows 
upon iteration. 

If the codimension of ii^ is 1, a wedge W with edge E defines a mani- 



fold with boundary. In Definition V.6.3 of [0, Treves defines a notion 
of distribution solution for locally integrable structures with nonchar- 
acteristic boundary. It follows easily from Corollaries V.6.1, V.6.2, and 
V.6.3 of 1^], that if W is a wedge with strongly noncharacteristic edge 
of codimension 1 in a manifold with locally integrable involutive struc- 



ture, then a distribution solution in the sense of [|^ is equivalent to 
a solution whose boundary value exists in our sense. Thus the the- 
ory in [T^ applies in our situation. As a consequence we deduce the 
following. 

Proposition 2.4. // W is a wedge with strongly noncharacteristic edge 
E in a manifold M with locally integrable involutive structure and u G 
T>'{yV) is a solution of V on W with bu = on E, then u vanishes 
identically in a neighborhood of E (intersected with W). 

In fact, the corresponding statement for the codimension 1 case is 
Corollary V.5.2 of [T^ (see the last sentence of §V.6); the proof given 
there also yields an estimate on the size of the set on which u vanishes. 
But the general case follows from this, since W can be swept out near 
E by submanifolds of dimension = dimE' + 1, which inherit locally 
integrable involutive structures for which u restricts to be a solution 
with boundary value 0. 

Next we recall the hypo-analytic wave- front set of | |BC'1| . To begin. 



let X be a manifold of dimension m with a hypo-analytic structure 
of codimension 0; X will often arise as a maximally real submanifold 
in a larger hypo-analytic manifold, li p E X and Z = {Zi, . . . , Z^) 
is a hypo-analytic chart in X near p, then Z is an embedding of a 
neighborhood of p onto a maximally real submanifold of C™, which 
of course is determined up to a local biholomorphism of C"^. For the 
purposes of the present discussion we may identify X near p with its 
image under Z endowed with the hypo-analytic structure induced from 
C". If / G V'{X) and a G T*X\{0}, then / is said to be hypo-analytic 
at a if there are nonempty acute open convex cones Ci, . . . ,Cn in 
TpX, satisfying cr(t>) < for all v G Cj, I < j < N, and wedges 
Wi,... ,W7v in C™ with edge X such that JCj C Tp{Wj), and for 
each j there is Uj holomorphic in W, such that buj exists and such 
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that / = bui + ■ ■ ■ + bu^. The hypo-analytic wave-front set WF^{f) 
of / is the complement in T*X \ {0} of the set of points at which 
/ is hypo- analytic; it is a closed conic subset of T*X \ {0} whose 
projection to X is the hypo-analytic singular support of /. We set 

WF^^{f)=T;xnWF''{f). 

Two results of ||BCT]| about wave-front sets on manifolds with a 



codimension hypo-analytic structure are particularly relevant for us. 
The first, Theorem 2.3 of ||BCT|] , provides a criterion for a distribution 
on X to be expressible as the sum of boundary values of holomorphic 
functions on specified wedges. 

Proposition 2.5. Let Ci, . . . , Cn be acute open convex cones in TpX 
and let f G V'{X). The following two properties are equivalent: 

1. WF^^if) C Uf^iC/ 

2. Given for each 1 < j < N a nonempty acute open convex cone 
Cj in TpX whose closure is contained in Cj, there are wedges Wj 
in C™ with edge X such that JCj C FpCVVj), and holomorphic 
functions Uj on Wj, such that f = bui + ■ ■ ■ + buN- 

The special case A^ = 1 is especially important as it gives a necessary 
and sufficient condition for / to be extendible as a holomorphic function 
to a single wedge with specified direction. 

Crucially important for us is Theorem 2.2 of ||BCT||, which gives a 



criterion for microlocal hypo-analyticity in terms of the exponential 
decay of a suitable FBI transform. Let X be a manifold with a hypo- 
analytic structure of codimension as above and let p G X. We may 
choose our hypo-analytic chart Z such that Z{p) = and lm.dZ{p) = 0, 
in which case we may take Xj = Re Zj, 1 < j < m, as local coordinates 
on X near p. These coordinates enable us to identify a neighborhood 
of p in X with a neighborhood of in R'" and T*X with T^R"" = R™. 
Set T = Ini Z so that 

(2.6) Z{x)=x + iT{x) 

and rfT(O) = 0. For 2,C G C™ such that |ImC| < |ReC|, set (() = 
{(1 + ... + Cm)^^^ ^^d [z]"^ = zl + . . . + z'^. If / is a compactly supported 
distribution in a neighborhood U in M™ of and k > 0, define 

(2.7) F\f- z,C)= [ e-^^-'~^<^^^^-'^'fdZ, 

Ju 

where dZ = dZi A ... A dZ^ and the integral is interpreted as a distribu- 
tion pairing. Then Theorem 2.2 combined with Remark 2.1 of |[BCT 
can be stated as follows. 
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Proposition 2.6. There is an absolute constant A > so that if n* = 
Asup^g[;|Q,|=2 \9°''Y{x)\, then the following holds. Let a G M™ \ and 
let f be a compactly supported distribution in U. Suppose that there 
is a neighborhood V of the origin in C™, an open cone C in C" \ 
containing a, and constants e,C > and k, > n* such that 

(2.8) |F'^(/;z,C)|<Ce-^l^l 

for allzeV and (eC. Then a ^ WF^{f). 

The wave-front set for hypo-analytic structures of positive codimen- 
sion is defined in terms of that in the codimension case. Let E be 
a hypo-analytic manifold, let / G V{E) be a solution of VE, and 
let p & E. The hypo-analytic wave-front set WFp{f) is defined as 
a subset of T°E \ {0}. Choose a maximally real submanifold X of 
E with p G X, and denote hj lx '■ X —>■ E the inclusion. As dis- 
cussed above, the restriction f\x ^ V{X) is defined, and also X has 
an induced hypo-analytic structure of codimension 0. Therefore we 
may consider the wave-front set WF^{f\x) C T*X. Since X is max- 
imally real, l*^ : T°E -^ T*X is injective. A covector a G T°E \ {0} 
is defined to be in WF^{f) if L*j^a G WF^{f\x). In JBCTl] it is 
shown that this condition is independent of the chosen maximally real 
submanifold X containing p, and also that for any such X, one has 
WF^iflx) C i*x{T°E). Therefore, for any maximally real X C E 
containing p, i\ : WF^^f) —> WF^{f\x) is a bijection. 

We next describe a procedure of introducing new variables which we 
will use, following Chang 0, to reduce results on general hypo-analytic 
manifolds to the CR case. Let M have a hypo-analytic structure of 
dimension m and codimension n and let p G M; recall that we write 
d = dimTp and u = m — d. On a sufficiently small neighborhood 
f/ of p we may choose coordinates (xi, . . . , Xm, Vi, ■ ■ ■ , Vn) and hypo- 
analytic functions Zi, . . . , Z^ so that at p we have dZj = dxj + idi/j, 
1 < j < z/ and dZj = dxj, u + 1 < j < m. Set M' = U x M""^, 
and write (x^+i, • • • ,Xm+n-u) for the coordinates in R"~'^. The hypo- 
analytic functions Zj for 1 < j < m pull back to M' to be independent 
of the new variables, and we define a hypo-analytic structure on M' by 
augmenting these Z/s by the functions Zm+i = Xm+i + iVu+i, 1 < ^ < 
n — V. At any point p' of M' with first component p, this structure on 
M' has m' = m + n — u, n' = n, d' = d, and u' = n = n' . For such 
p,p', the map V^M 3 L ^ L' = L - iT^H {Lyu+i)d.^+, e Vp.M' is 
an isomorphism. It follows that any solution of VM defines a solution 
of VM' which is independent of the new variables. Any characteristic 
covector a G T°M may also be regarded as an element of T°,M' = 
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T°M © {0}, and it is easy to see that if Li and L2 are sections of 
VM, then a{[L[,l^]) = (t([Li,I^]), so that the Levi form of a on M' 
may be identified with that on M. If i? is a strongly noncharacteristic 
submanifold of M containing p, then E' = E x W^~'^ is a strongly 
noncharacteristic submanifold of M', for which VS = {V : L & Vjf }. 
If W is a wedge in M with edge E, then W" = VV x W^~^ is a wedge 
in M' with edge E' , and one has for the direction wedges, V^iiW') = 
{L' : L e r^(W)}. If / G V'{E), then we may view / G V'{E') as 
independent of the new variables, and directly from the definition of the 
hypo-analytic wave-front set one sees that WF^ (/) D WF^{f) x {0}. 
We close this section with a lemma asserting that for CR structures, 
a suitable maximally real submanifold can always be chosen. 

Lemma 2.7. Let M be a manifold with CR involutive structure V . Let 
E G M be a strongly noncharacteristic submanifold, let p G E, and let 
L G Vf'. Then there is a maximally real submanifold X G E with 



p e X and L G Vp . 

Proof. We first claim that span^. V^f = VpM. (This does not use that 
V is CR.) Note that spanj. V^ = Vp + iVp . Using Lemma PTT] , we have 
dimR(Vjf + iVp) = 2 dim V^ — dim^ VpE = 2n, so it must be the case 
that V^ + iV^ = VpM as claimed. 

To prove the lemma, we may assume that L 7^ 0. Choose a set 
{Li, . . . , Ln} G Vp which is a basis over C for VpM, and for which Li = 
L. Next choose Vi, . . . ,Vk G TpE such that the cosets {[Vi], . . . , [V^]} 
form a basis for TpE /{TpE n Re VpM). (If V is CR, it will be the 
case that k = d, but it is not necessary to argue this separately.) 
Using that V is CR and E strongly noncharacteristic, it is easy to see 
that {Re Li, . . . Re L„, Vi, . . . , V^} forms a basis for a maximally real 
subspace of TpE. We may then take for X any submanifold of E near 
p with TpX equal to this subspace. D 



3. Edge of the Wedge Theory 

Throughout this section we consider a distribution / on a strongly 
noncharacteristic submanifold E in a hypo-analytic manifold M, such 
that / is a solution of the involutive structure VE on E. We denote 
hy tE '■ E ^ M the inclusion. As discussed in the previous section, E 
inherits a hypo-analytic structure from the hypo-analytic structure on 
M. Our first result shows that the hypo-analytic wave-front set of / 
is constrained if / extends to a wedge as a solution of the involutive 
structure of M. 



14 M. G. EASTWOOD AND C. R. GRAHAM 

Theorem 3.1. Let M be a hypo-analytic manifold, let E G M be a 
strongly noncharacteristic submanifold, and let W be a wedge in M with 
edge E. Suppose that f e T>\E) is the boundary value of a solution of 
VM on W. Then WF^{f) C (r^(>V))°. (Here the polar refers to the 
duality between TE and T*E.) 

Proof. LetpeE and let a E T°E \ satisfy a ^ (rJ(W))°; we must 
show that a ^ WFl'lf). Construct a new hypo-analytic manifold M' 
by introducing new variables as described in §2. The pullback of a 
satisfies at p' G M' the analogue of the condition a ^ (rJ(W))°, so it 
suffices to prove the result on M' . Therefore we may as well assume 
that our original hypo-analytic structure on M has involutive structure 
which is CR near p. 

Since a i (rJ(W))°, there is L G r^(W) so that a(ReL) < 0. By 
Lemma |2.71 , we can choose a maximally real submanifold X G E with 
p E X and L G Vp . Necessarily we have ImL ^ TpX. Choose a 
submanifold y of M such that X CY and TpY = span(TpX, ImL); in 
particular dim(y ) = dim(X) + 1. Since X is maximally real, Y inherits 
near p a hypo-analytic structure of codimension 1 from that on M. The 
involutive structure of Y is CR near p, VpY is spanned (over C) by L, X 
is a maximally real submanifold of Y, and VpY is spanned (over M) by 
L. We may assume that near p, Y\X has two connected components, 
the one of which lies on the side of X determined by Im L we denote 
by y+. Since Im L G TpCW), it follows that F+ C W sufficiently near p. 
Now y_|_ may be regarded as a wedge in Y with edge X. Considering 
Y to be the background space, we have that F^ (y+) consists of the 
positive multiples of L. 

The solution on W with boundary value / restricts to Kf and defines 
there a solution of the involutive structure of Y having boundary value 
f\x on X. According to the definition of the wave- front set, the desired 
conclusion a ^ WF^{f) is equivalent to i*x(T ^ WF^{f\x)- Since the 
hypothesis a (Re L) < holds just as well when regarding L G VpY and 
replacing a by L.*x<y, it follows that we can reach this same conclusion 
if we prove the theorem on Y. 

We therefore consider the situation in which X is a maximally real 
submanifold in the hypo-analytic manifold Y whose structure satisfies 
i/ = n = latpGX, and W = 1+ is one side of X in Y. We choose local 



coordinates (xi, yi,si, . . . ,Sd) for Y near p as in Proposition p.2| taking 
A^ = 2; in our situation we have d = m — 1. Set x = (xi, . . . , Xm) = 
(xi, Si, . . . , Sd) and y = yi and write cr = (cti, . . . , am)', we may assume 
\a\ = 1. Renormalizing the coordinates if necessary, we may arrange 
that W = {y > 0}. Then L is a positive multiple of d^^-^ + idy and the 
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hypothesis a{ReL) < says ai < 0. Upon relabehng, ( |2.2| ) and ( p73| 
can be written as 

(3.1) 

Zi = xi+iy + i^i{x,y), Zk = Xk + i^k{x,y), 2 < k < m, 



where $i(x, y) = ^(x) is independent oiy. From Proposition 2^, we 
know that there is i? > so that 

(3.2) mx,y)\<B{\x\' + y') 

on a fixed neighborhood of the origin. 

Let ?7 be a small open ball about the origin in M™ and Sq > Ohe such 
that there is a solution u of VY on U x (0, ^o) with boundary value /. 
We intend to use Proposition ^]6| to show that a ^ WFQ^f). Introduce 
the m-form co on Y+ given by u; = e"*^''^"'^^^'*^^^^^ udZ. Since u is a 
solution, u is closed. Let (p G C^{U) satisfy = 1 for |a;| < r and 
supp C {|x| < 2r}, where r > will be chosen later. Setting y = 



in ( |3.1| ) shows that Z(x, 0) takes the form ( |2.6| ) with T(x) = <l'(a;, 0). 
Define n* as in Proposition ^]B| and let k > k* to be determined. Then 
Stokes' Theorem gives for any Q < 5 < 5q, 



Jy=0 Jy=5 Jux{0,S) 

We shall show that if k, is chosen sufficiently large and 6, r sufficiently 
small, then each of the two integrals on the right hand side of the above 
equation satisfies an estimate of the form ( |2.8| ). 

Set Q = Re{i( ■ Z + hi{()[z — Z]"^} /\(\ and let Qo denote Q evaluated 
at 2; = and ( = a. If we show that there is c > so that Qo ^ c 
for {x,y) G (supp x {6}) U (supp dcp x [0,5]), then Q > c/2 for the 
same {x, y) and for z near and C iii a conic neighborhood of a, and the 
desired estimates on J ^^ (j)uj and f^^,Q g^ dcpAu then follow immediately 
from seminorm estimates for u. 

Now 

> \ai\y - |$| + fi;(|sp - 2y'^ - 2|$|2), 
which, using ( p.2|) , is 

> \a,\y - B{\x\^ + y^) + k{\x\^ - 2y^ - ABWx\^ + y^)) 

= (|cti| -By- 2Ky - 4:KB^y^)y + {k - B - AkB'^\x\^)\x\^ . 

First choose n so large and r so small that k > 45 and %Br < 1, and 
then choose 5 so small that B5 + 2/t;5 + 4k,B'^6^ < \ai\/2. Then for 
{x,y) G supp X [0,6] we have Qo > |o"i|l//2 + fi:|a;p/2, from which 
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we conclude that Qq > c = min(|o"i|(5/2, Kr^/2) on (supp x {5}) U 
(supp (i0 X [0,(5]) as desired. D 

In considering Theorem p.l| , recall that F^ (W) is an open cone in 
(Re VpM) n TpE, which in general is a proper subspace of TpE. In fact, 
it is easily seen that (Re VpM) fl TpE = {l*j^T°M)^, where here the ± 
refers to the duality between TpE and T*E. Since l)^ : T°M -^ T*E 
is injective, it follows that (Re VpM) fl TpE is all of TpE if and only if 
T°M = {0}, i.e. the involutive structure on M is elliptic. Moreover, in 
Theorem pTT| , (Fj (>V))° always contains l*^T°M \ {0}, and is invariant 
under translation by elements of l*^T°M. Elements of l*^T°M\ {0} are 
referred to as the characteristic points in T*E relative to the involu- 
tive structure of M. Thus Theorem |3]5 can never be used to remove 
characteristic points from WF^{f). If / is defined in a full neighbor- 
hood of p, then Theorem |3.1| shows that WF^lf) C l*^T°M, which is 



Theorem 3.1 of II of | |BC'1'| . This same conclusion can also be obtained 



from Theorem p.l| under weaker hypotheses as follows. 



Corollary 3.2. Let M be a hypo- analytic manifold, let X G M be a 
maximally real submanifold, let p G X , and let W'^ and W~ be wedges 
in M with edge X whose directions are opposite: Fp(W^) = — Fp(>V~). 
If f G T>'{X) is the boundary value of a solution of VM on W^ and 
also the boundary value of a solution ofVM on W~ , then WF^{f) C 

l*^t;m. 



Corollary ^72 follows immediately from Theorem |3.1| and the fact that 



(Fj(W+))° n (rn>V-))° C i*xT;M. if the structure on M is elliptic, 
then Corollary |3.2| reduces to the classical edge of the wedge theorem, 
so may be regarded as a weak generalization of this theorem to the 
hypo-analytic setting. 

Our further results give conditions under which one can remove char- 
acteristic points from the wave-front set of the boundary value of a 
solution on a wedge. The first such result is the hypo-analytic wedge 
version of the classical Lewy extension theorem. 

Theorem 3.3. Let M be a hypo-analytic manifold, let E G M be a 
strongly noncharacteristic submanifold, and let W be a wedge in M 
with edge E. Let p G E and suppose a G T°M satisfies C(j{L) < for 
some L G Fp(>V). If f G V{E) is the boundary value of a solution of 
VM on W, then L%a i WF^{f). 

Proof. First construct a hypo-analytic manifold M' by introducing new 
variables as described in §2. If we can show that the result holds on 
M', we can conclude that it also holds on M. Therefore we may as well 
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assume that our original hypo-analytic structure on M satisfies v = n 
at p. 



Next use Lemma 2. / to choose a maximally real submanifold X <Z E 



such that L G V^ . We then construct a submanifold F D X and 



wedge y+ as in the proof of Theorem |3.1j . Restriction to TpY gives 
an injection T°M ^ T°Y. li a e T°M and Li,L2 G VpY , then the 
value of the Levi form £o-(Li, L2) agrees when calculated either on M 
or on y, since Li, L2 can be extended from p to remain tangent to Y 
on y . Thus all the hypotheses of Theorem |3.3| are satisfied on Y . Since 
WF^{f) is defined in terms of WF^{f\x), if we can prove the theorem 
for y, it follows that it also holds for M. 

Therefore consider the situation in which X is a maximally real 
submanifold in the hypo-analytic manifold Y whose structure satis- 
fies i/ = n=latpGX, and W is one side of X in Y . Choose 



local coordinates (xi, yi, si, . . . , Sd) for Y near p as in Proposition [2^2 
taking X = 4, and such that W = {yi > 0}. Then L is a posi- 
tive multiple oi dj = {dx^ + idy^)/2. As in the proof of Theorem |3Tl| , 
set X = (xi, . . . , Xm) = (a^i, Si, . . . , s^) and y = yi. The basic hypo- 
analytic functions are again given by (p.l|), and we have (|3.2|) and 



(3.3) mx,0)\=O{\x\^). 

The characteristic covector a at p is in the span of the dx^ with k > 2; 
upon making a real linear transformation of these x^s and correspond- 
ing Zfc's we may assume that a = dx2- 

According to ( p.3| ), the second order terms in the Taylor expansion 
of $2 take the form 

m 

$2(x, y) = ay'^ + yY^ bkXk + 0{\x\^ + y^) 

k=l 

with a, bk G M. The hypo-analytic function 

^ m 

Z2 = Z2 — -biZ-^ — Z\ 2_^ bkZk 

k=2 

satisfies ^^2(0) = ^^2(0) = dx2 and ImZ2 = ay'^ + 0{\x\^ + y^). If 
we introduce X2 = Ke Z2 and leave the remaining x^'s, Z^s, and y 
unchanged, then equations of the form (p.l|) continue to hold in the new 
coordinates and (|3.2| ) and (|3.3| ) remain valid, possibly with a different 
constant B. The relations X = {y = 0} and a = dx2 still hold in 
the new coordinates and L is still a positive multiple of dz. We may 
therefore assume that in the coordinates (x, y), the basic hypo-analytic 
functions {Zi, . . . , Z^) are of the form ( |3.1| ) and in addition to ( p.2| ) 
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and (p^), we have for some C > 0, 

(3.4) \^2{x,y)-ay^\<C{\x\'' + y') 

on some fixed neighborhood of the origin. It is easily seen that the 
vector field 

m 

(3.5) ^^-^Y^i^c^.)^p^ 

i=i 

is a section of V extending c^, where Pj = YlT=i ^kjdx^ and (a^fc) = 
{5jk + i{^j)xk)~^- An easy calculation then shows that ^^(c^) = a/2, 
so a < 0. Upon rescaling xi, y, and Zi, we may assume that a = —1. 



Once again we intend to use Proposition |2.6| to show that a = dx2 ^ 
WFo{f). Let U = {\x\ < 3r}, and as in Theorem PTT| , choose G 
C^{U) satisfying = 1 for \x\ < r and supp C {|a;| < 2r}. By 
(|3.3| ), the constant k* defined in Proposition |2.6| satisfies k* = 0{r'^). 
Choose r small enough that n* < 1/4 and take k = 1/4. Just as in 
the proof of Theorem p.l| , it suffices to show that we can choose r and 



S small enough that Qo = Re(io" ■ Z + k[Z]^) satisfies Qo > c > for 
{x,y) G (supp X {S}) U (supp (i0 x [0,6]). Now 

l$P) 





Qo = - 


-$2 + 


k{ x'^ - 


- y^ - 2y<l>i - 




> 


-$2 + 


k{ x"^ 


-2y2_2|$2 


which, 


using (^.2) and 


(3.4), 


is 






>y''-Cix\' 


+ y') 


+ k{x 


2 - 2y2 _ 4fi 



4i?2(ixr+y^)) 

= (1/2 -Cy- B^y^)y^ + (1/4 - C\x\ - B^\x\'')\x\^ . 

If we choose 5 so small that C5 + 5^5^ < 1/4 and r so small that 
2Cr + 4i?^r^ < 1/8, then we obtain Qq > y^/4 + |xp/8, which yields 
Qo > c = min((5^/4,r^/8) on (supp x {6}) U (supp ci0 x [0,6]) as 
desired. D 

The special case in which the solution is defined in a full neighbor- 
hood of p can be obtained by taking E to be an open set in M. This 
recovers a result of ||BCT| . 



Corollary 3.4. Let M be a hypo-analytic manifold, let p G M, let 
a G T°, and suppose that C^{L) < for some L G Vp. If u is a 
distribution solution nearp, then a ^ WF'^^lu). 

We next turn our attention to null directions for C^^. Sometimes 
null directions can be perturbed to directions where the Levi form is 
negative. For instance, if there is Lq G V^f with C(,{Lq) < 0, then 
given a wedge W with the property that there is L G F^ (W) satisfying 
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£^(L) = 0, one can perturb L to L' e T^iW) with C„{L') < 0, so 
Theorem |3.3| apphes. However, it may happen that C^ has a negative 
eigenvalue as a form on VpM, yet C„{Li,L2) = for all Li,L2 G V^; 
the hypersurface Im Z3 = Xiy2 — X2yi in C'^ has this property for E = 
M^ = {Im2; = 0}. For this example, every direction in V^ is null, so 
Theorem |3.3| does not apply. Further effort is required to handle such 
situations. 

Recall the second Levi form ( |1 . 1| ) . The following is our main lemma 
for null directions. 

Lemma 3.5. Let Y be a hypo-analytic manifold of CR type whose 
hypo-analytic structure is of codimension 1. Let X G Y be a maximally 
real submanifold and let F+ be one side of X in Y. Let p E X and let 
a e T°Y be such that C„{L) = and Vs\ lmCl{L)\ < ReCl{L), where 
L G Tp(Y^). If f E V'{X) is the boundary value of a solution of VY 
onY+, them^ai WF^{f). 

Proof. We first remark that r^{Y^) consists of a single ray, so L is 
determined up to a positive multiple. Also, the condition Ca{L) = 
implies C„ = 0,so that the value of Cl{L) is well-defined independent of 
the extension of L from p. Choose coordinates (x, y) = (xi, . . . ,Xm,y) 
for Y near p as in the proof of Theorem |3.3| . Thus X = {y = 0} 
and F+ = {y > 0}, the hypo-analytic functions Zi, . . . , Z^ are given 
by ( |3rT| ) where ( p.2| ) and ( |373| ) hold, and a = dx2 and L is a positive 
multiple of dz- We make the same quadratic change of variables to 
obtain ( p.4| ); this time the condition Ca{L) = implies that a = 0. 
By (^.31), the cubic expansion of $2 is of the form 



(3.6) 
$2(x, y) = ay^ + Sbxiy^ + Scxjy + 0(|x'|(|xp + y^)) + 0{\x\^ + y^] 



where x' = {x2, ■ ■ ■ , x^) and a,b,c E'R. A straightforward calculation 
using the extension ( p3|) gives Cl{dz) = 2i{^2)zzz{0) = —^{a-'rc — ib). 
Therefore our assumption is that V3\b\ < —{a-\-c). 

Introduce Z2 = Z2 + fJ'Zf, where yU G M is to be determined. If we 
set X2 = ReZ2 and leave y and the other x^ and Z^ unchanged, then 
all of our properties continue to hold in the new coordinates, except 
that in (p.6|) , a is replaced by (a — /i) and c by c + yU. The inequality 
\/3|6| < —{a-\-c) is precisely the condition that one can choose /i so 
that the quadratic form (a — fi)y'^ + Sbxiy + 3(c + fi)xl be negative 
definite. In fact, for fi = (a — c)/2, its discriminant is 96^ — 3(a + c)^. 
Hence, after making this change of variables and a subsequent rescaling 



20 M. G. EASTWOOD AND C. R. GRAHAM 



of Xi, y, and Zi, we may assume in ( p.6| ) that 



(3.7) ay'^ + 36xiy^ + 3cx?y < -y^ 

for y > 0. 

Next let A > be small and introduce new variables 

xi = \-'^xi, y^= X'^y, Zi = \-^Zi 

X2 = A-3x2, ^2 = A-3Z2 

Xk = A~ Xk, Zk = X~ Zk, k > 3. 

Observe first that if {x, y) is in a fixed neighborhood of the origin and 
Aq > is chosen sufficiently small, then for all A with < A < Aq, the 
corresponding {x, y) will lie in the neighborhood of the origin in which 
we have been working. This change of variables has the effect in ( p.l|) 
of replacing $ by new functions $ given by 

fi{x,y) = \-^<^i{x,y) 
^2{x,y) = X~^^2{x,y) 
$fc(x,y) = A-2$^(a;,y), k>3. 

We deduce that $(5;, y) satisfies (|3.2|) and (|373|) in the new coordinates 
with constants independent of A for < A < Aq. Also, (|3.6|) is re- 
placed by an analogous equation for $2(3^, y) in which the error terms 
0(|x'|(|xp+y^)) and 0{\x\^ + y'^) can both be bounded by CX{\x\^ + y^) 
for a constant C independent of A. Combining this observation with 
( |3.7| ) and removing the tildes from the new coordinates, we see that in 
addition to fB.2|) and (13.31) we can assume that 



(3.8) $2(x,i/)<-y3 + CA(|a;|3 + y3 



In order to apply Proposition p.6| , let 5 > to be chosen small, let 
U = {\x\ < 66}, and choose G C^{U) satisfying supp </> C {|a;| < 55} 
and = 1 if |x| < 4(5. By (|3.3| ), we have k* = 0{6^). Choose 6 small 
enough to ensure that k* < 6/16 and set n = 6/16. Choose A and 6 
small enough that for all {x,y) E U x [0,6] we have AC(|x|^ + y^) < 
6^/4 and 4_B^(|x|^ + y"^) < 25^. We shall show that if 6 is chosen 
small enough, then Qo = Re{ia ■ Z + k[2']^) satisfies Qo > c > for 
{x,y) G (supp X {6}) U (supp d(f) x [0,6]). 

As in the proof of Theorem |3.3| , we have Qq > —$2 + /t(|a;p — 2y'^ — 
2|$|2), so by (^ and (§]§) we obtain 

Qo>y'- CX{\x\' + y') + ^{\x\' - 2y' - 4B\\x\' + y')) 

>y^-6y4 + K{\x\^-2y^-26^). 
Therefore, ii y = 6 and x G t/, then 

Qo>6^- 6^4 + k{-26^ - 26^) = 6^2. 
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If 2/ G [0, 6] and x G supp d(f), then 

Qo > -5^4 + k{1Q6^ - 26^ - 26^) = 6^/2. 
Thus the desired inequahty holds with c = 6^/2. D 

We present two conditions which allow one to use null directions to 
remove characteristic points from the wave-front set. The first is that 
the null direction is not degenerate for the Levi form, and applies to 
the hypersurface Imz^ = Xiy2 — X2yi in C^ mentioned above. For this 
example, every direction L G V^f \ {0} is null and nondegenerate, so it 
suffices to have an extension to any wedge. 

Theorem 3.6. Let M he a hypo-analytic manifold, let E G M be a 
strongly noncharacteristic submanifold, and let W be a wedge in M 
with edge E. Let p E E and suppose a G T°M has the property that 
for some L G r^(W), C^{L) = andLjC^^O. If f e V'[e) is the 
boundary value of a solution ofVM on W, then L*^a ^ WF^{f). 

Proof. By introducing extra variables we may assume that M is of CR 
type near p. 



By Lemma |2.7| , we can choose a maximally real submanifold X C E 
so that L G Vp . According to the definition of the wave- front set, it 
suffices to show that l*xO' ^ WF^{f\x)- The set W is also a wedge 
with edge X, and the hypotheses of the Theorem continue to hold if 
X is viewed as the edge. Therefore we may as well prove the theorem 
with E replaced by X. 

If there is L G Vp such that Re£o-(-^, L) ^ 0, then we can choose e 
small and of the appropriate sign so that the vector L' = L + eL will 
satisfy C„{L') < 0. But for sufficiently small e, we have L' G TpiW). 



Therefore in this case the conclusion follows from Theorem ^^. Hence 
we may assume that lie Cf^{L, L) = for all L G Vp . 

Choose coordinates as in Proposition |2.2| with A^ large. Since M 
is of CR type, we have u = n so there are no t variables. Now 
Vp = spa.n^{dzj , 1 < j < n}, so we may make a real linear change of 
coordinates and corresponding change of Z's to arrange that L = dz^. 
Similarly we may take a = dsi. The hypothesis L j C^^ ^ is equiva- 
lent to £o-(f^i,c^ ) 7^ for some j > 2; by reordering the coordinates 
we may assume that j = 2. Finally, recalling our assumption that 
Re£o-(L, L) = for all L G Vp , we conclude that C„{dzj^, c^J = iX for 
some nonzero A G M. 

It is straightforward to check using the form of the Z's in Proposi- 
tion |2.2| that one may choose a basis {Lj, 1 < j < n} for VM near of 
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the form 

in fact, the equations LjZi^ = uniquely determine the coefficients Aji 
and Bjk, and one has that the Aji vanish at and Bj^ = 0{{\z\ + 

Define a submanifold Y G M hj Y = {{x,y,s) : y2 = axiHi.y^ = 
. . . = yn = 0} , where a G M is to be determined. Define also Y^ = 
{{x, y,s) eY ■.yi> 0}. We have that X cY, TpY = span(TpX, ImL), 
and since ImL G FpCVV), it follows that Y^ G W sufficiently near the 
origin. Y inherits a hypo-analytic structure of codimension 1 and CR 
type in which X is a maximally real submanifold. At each point of 
Y, the space VY is spanned by a single complex vector of the form 
L = Li + Yl^=2^j-^j'i ^^^^ normalization ensures that this extended L 
agrees with the L we already have at the origin. The Cj are determined 
by the requirement that L should be tangent to Y. The condition 
Lyj = for 3 < j < n forces Cj = for these j. This leaves the one 
condition L{y2 — axiyi) = 0, which is satisfied by L = Li + 0^2 for 
(j) = az^ + 0{{\z\ + \s\)^). 

A direct calculation using a G T°, a([Li, Li]) = 0, and cr([Li, L2]) = 
— 2A results in Cl{L) = Cl{Li) + 2Xa. Now Cl{Li) is arbitrary, but 
by suitable choice of a we can ensure that v^| Im£^(L)| < Re£^(L). 
Therefore the result follows from Lemma ISTEI. D 



Now Lemma 3.5 can be extended to general structures. 



Theorem 3.7. Let M be a hypo-analytic manifold, let E G M be a 
strongly noncharacteristic submanifold, and let W be a wedge in M 
with edge E. Let p E E and suppose a G T°M has the property that 
there is a section L ofVM satisfying L\p G Tp(W), Ca{L) = 0, and 

V3\lmCl{L)\ <Re4(L). 

If f E V{E) is the boundary value of a solution of VM on W, then 
i^a^WF^if). 

Proof. By introducing extra variables, we may assume that M is of CR 
type near p. 



li LjCa 7^ 0, then the conclusion follows from Theorem |3.6| . There- 
fore we may assume that L j £0- = 0. In this case, the value of Cl{L) 
is independent of the extension of L|p, so we may as well just consider 
L as an element of F^ (W). 



As in the proof of Theorem 3.3, choose a maximally real submanifold 



X G E such that L G Vp and a submanifold Y G M such that 
X gY and TpY = span(Tj,X, ImL). Then L spans VpY and satisfies 
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Ca{L) = and v^| Im£^(L)| < Re£^(L). The conclusion thus follows 
from Lemma 13.51. D 



Taking E to be an open set in M , we obtain a strengthened version 
of Chang's Theorem for solutions defined in a full neighborhood. 

Corollary 3.8. Let M be a hypo-analytic manifold, let p G M, let 
ex E T° and suppose that there is a section L of V near p such that 
jC„{L) = and C^{L) ^ 0. If u is a distribution solution near p, then 
a^WF'^iu). 

Of course, for a given / G V(E), one typically uses different of the 
criteria established above at different points a G T*E\{0} to constrain 
WF^{f). If M is a generic submanifold of C", one is interested in 
knowing whether a CR distribution u on W extends as a holomorphic 
function to a particular wedge in C™. Such results can be obtained via 
Propositions p.4| and |2.5| by constraining the wave-front set oi f = bu 
appropriately. We illustrate this when M is a hypersurface and the 
edge is maximally real. In this case dimT° = 1; we denote by C the 
Levi form of M, which is determined up to a nonzero real multiple. 

Proposition 3.9. Let M be a hypersurface in C" and let W G M be 
a wedge with maximally real edge X and let p E X . Suppose that there 
is L E TpiyV) such that C{L) = and LjCj^O (in particular, C is 
indefinite) . Ifu is a CR function on W with boundary value f G V{X), 
then there is a wedge W in C™ with edge X such that L G F^ (W) and 
such that there is a holomorphic function u' on W with bu' = f and 
u' = u onW n W. 



Proof It follows from Theorem gj that WF^{f) C (rJ(>V))°. Theo- 
rem ^.6| implies that WF^{f) fl T°M = 0. From these two facts one 



sees easily that there is an open acute convex cone C C TpX \ {0} 
such that ReL G C and WF^{f) C C°. By Proposition U, / is the 
boundary value of a holomorphic function on a wedge W in C" with 
edge X with L G Fp(>V'). By Proposition pl4| , this extension agrees 



with M on W n W. D 



From Proposition |3.9| and the classical edge of the wedge theorem 
for holomorphic functions (or directly using Corollary g]2| and Theo- 
rem |3.6|) , one deduces the following edge of the wedge theorem for CR 
functions. 

Proposition 3.10. Let M be a hypersurface in C^ and let W^ C M 
be wedges with maximally real edge X whose directions at p E E are 
opposite: Fp(W+) = -Fp(>V"). Suppose that there is L E F^(W+) 
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such that C{L) = and LjC ^ 0. Ifu"^ are CR functions on W^ such 
thatbu^ = hu~ , then there is a holomorphic function in a neighborhood 
in C™ of p which extends u^. 



In particular, Proposition |3.10| implies that there is a CR function in 
a neighborhood in M of p which extends m^. Thus this gives an intrinsic 
version of the classical edge of the wedge theorem for CR functions. 

Propositions |3.9| and |3.1CI| were proved in | [EG2|| for continuous bound- 



ary values using folding screens, however with the condition L jC ^ 
replaced by the weaker hypothesis that C is indefinite. We remark 



that it is also possible to use Theorem |0| together with Theorem |3^ 



to prove a version of Proposition p.9| if instead of a null direction there 
is L G Fp (W) such that C{L) ^ 0. However, in this situation Theo- 
rem |3.3| only applies on one side of T°M, so the wedge W obtained in 



p' 



C™ must be tilted slightly and need not have ImL G TpCW'). There is 
also a two-sided version when C{L) ^ 0; in that case WF^{f) reduces 
to a single characteristic ray so that the wedge W" given by Proposi- 
tion |2.5| is arbitrarily close (in the conic sense) to a half space lying on 
one side of TpM intersected with a neighborhood of p. 

4. Blow-ups 

The geometry of wedges in a manifold M with a given edge E is 
naturally encoded in a new manifold, the blow-up B oi M along E. It 
turns out that if M has an involutive or hypo-analytic structure and E 
is strongly noncharacteristic, then B inherits a structure of the same 
type which can be used to study solutions on wedges in M. As a natural 
geometric way of constructing new structures from old, the construction 
may be of more general interest. For example, in |pi]Gl[ | the blow-up 



in the case M" C C" is used to prove the classical edge of the wedge 
theorem, but it is also pointed out there how the construction arises 
in real integral geometry. In this section we describe the geometry of 
the blow-up in the general case and indicate its relation to the wedge 
regularity theorems of the previous section. 

Let ii^ be a submanifold of a manifold M and let Ti —>■ E denote 
the projective normal bundle of E in M. As a set, the blow-up B 
of M along E is obtained by replacing E with E. It is naturally a 
smooth manifold containing S as a hypersurface, with a smooth blow- 
down mapping b : B ^ M, which is the identity outside E and the 
projection S — > E' over E. If local coordinates {x,y), x G M'^, y G M', 
are chosen on M such that E is given by {y = 0}, then the fibers 
of S can be identified with MP'"^, for which we can use usual affine 
coordinates on a cell. The smooth structure on B near the subset of S 
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corresponding to the first cell is defined by coordinates {x,yi,u) with 
u G M}^^, in which S = {yi = 0} and the blow-down map takes the 
form 

(x,?/i,m) ^^ {x,yi,yiu). 

The image under b of an open set U in B intersecting E is a pair of 
opposite wedges in M with edge E and conversely. A (one-sided) wedge 
in M corresponds to the intersection of U with one side of E in B. The 
intersection [/ fl E is the set of directions of b{U). 

Suppose now that M has an involutive structure VM. Since b : 
B\'£ — > M\i? is a diffeomorphism, the involutive structure of M pulls 
back to an involutive structure on i? \ E. We shall show that ii E (Z 
M is strongly noncharacteristic, then this involutive structure extends 



smoothly across E. According to Lemma ^Tl|, ii p E E, then Im : 
Vp /VpE — * TpM/TpE is an isomorphism. We shall use systematically 
this isomorphism to represent the fiber Ep as F{Vp /VpE). We therefore 
represent a point p G E as a pair p = {p, i) with p = b{p) and d, G 
f{Vp/VpE). We choose L e V.^ representing i and write i = [L]. Of 
course, L is unique only up to a nonzero real scale factor and up to 
addition of an element of VpE. 

Theorem 4.1. Let M have an involutive structure VM and let E G M 
be a strongly noncharacteristic submanifold. Let B be the blow-up of 
M along E, let p E B, and set p = b{p). Define 



{b,)-\VpM) ifPiT. 

^"^ ^ {b,)-\CL®VpE) ifp={p,[L\)eT., 



V^B 



where 6* : CTpB — > CTpM is the differential of b at p. Then VB is a 
smooth involutive structure on B. 

Proof. It suffices to reason near p G E. Elementary linear algebra 
(cf. the discussion prior to Proposition |2.2| ) shows that one can choose 
coordinates on M near p E E oi the form {x,y,s,t) for x, y G M'', 
s G M'^, t G M"'"", where d + u = m, so that {x, y, s,t) = at p and so 
that: 

E = {yr+l = ...=yy = tp+l = . . . = tn-v = 0} 

for some r and p satisfying 0<r<u,0<p<n — u, and such that 

(4.1) TpM = spa.n{dxi + idyi, . . . dx^ + idy^, dsi, . . . dsd}. 

Write y = {y',y") with y' = {yi, . . . ,yr), y" = (z/r+i,--- ,1/,.), and 
t = {t',t") with t' = (ti,... ,g, t" = (tp+i,... ,tn-u). The corre- 
sponding coordinates on B are obtained as described above. We con- 
sider the case in which p corresponds to a line in the normal space 
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{{y",t")} which satisfies y^+i 7^ 0; the argument in other cases is sim- 
ilar. Thus we introduce coordinates u = {ur+2, ■ ■ ■ ,Uu) G R'^^''^"'^, 
V = (wp+i, . . . , Vn-u) £ M"^'^^'' and obtain coordinates on B near p and 
a formula for b: 

(4.2) (x, y', Vr+u M, s, t\ v) ^-^ (x, y\ yr+i, yr+iu, s, t', yr+iv). 

The point (x, y', 0, m, s, t', f ) G S corresponds to the direction [L] with 

f n— I' 

(4.3) L = 28,^^, + 2 Y, ^i9,, + I J2 '"kdt, G V^. 

/=r+2 fc=p+l 



The basis forms in ( |4.1| ) can be smoothly extended to sections of 
T'M near p. Their pullbacks under h are certainly smooth, so the result 
follows if we know that these pullbacks remain linearly independent at 
p and have as common kernel the subspace VpB defined above. This is 
straightforward to check using (^.1|), (f4.2|), and (f4.3|). D 

Denote by V C TS the vertical bundle for 6|s : S ^ E', so that 



V = keTb^lxY;- According to Theorem 4.1, we have CV C V-B|s. If 



p = {p,[L]) E T,, then it is straightforward to calculate from ( |4.2|) that 

K{TpB) =RlmL®TpE; 

this is also easily seen from the geometric interpretation of the blow-up. 
Since L G Vp, it follows that 

(4.4) b, (CTpB) = CL® CTpE. 

If M is a C^ solution of VM, then m o 6 is a solution of VB. (This 
is also seen to make sense and hold for distribution solutions, using 
the smoothness transverse to E.) If VM is locally integrable and 
{Zi, . . . , Zm} are solutions with linearly independent differentials at 
each point of some set, then it follows from b^{CTpB) D CTpE, p G S, 
and the fact that E is strongly noncharacteristic, that the differentials 
oi {Zi o b, . . . , Zm o b} are likewise linearly independent. Therefore, a 
hypo-analytic structure for (M, VM) naturally lifts to a hypo-analytic 
structure for {B,VB). 

li p = {p, [L]) G S, we always have ReL G TpE. However, it may 
or may not happen that ReL G KeVpE. We shall say that p is of 
the first type if ReL ^ ReVpE, and that p is of the second type if 
ReL G ReVp-E. In terms of the coordinates introduced in the proof 



of Theorem O, lines in {{y",t")} correspond to points of the first or 
second type according to whether y" is not or is equal to 0. If VM is 
CR, then all points of S are of the first type. 
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Consider next the characteristic set TpB at p = {p, [L]) G S. We 
certainly have TpB C (V^)"*"- According to (|4.4| ), any vector X G CTpE 
can be hfted to a vector X G CTpB satisfying 6^,X = X. If a G TpB, 

then 5"(X) is independent of the hft and vanishes if X G VpE, so 
we obtain a map TpB — >■ T°E, where, as in the previous sections, T°E 
denotes the characteristic set for the induced involutive structure on E. 
By (|4.4| ), this map is injective. We claim that its range is T°En(Re L)^. 
Certainly the range is contained in this set. Now any a G T°E has a 
unique extension to TpE © MlmL annihilating ImL. This extension 
annihilates L if a G (Re L)-^. According to (|4.4| ), this extension may be 
pulled back under b* to give the required element of TpB, which with 
some license we denote by b*a. We therefore have proved the following: 

Proposition 4.2. The pullback b* induces as described above an iso- 
morphism 

T?B = T;Er\{ReL)^. 

In particular, if p is of the first type, then TpB is isomorphic to a 
codimension 1 subspace of T°E, while if p is of the second type, then 

T?B ^ t;e. 

Since CL © VpE C VpM, immediately from the definition we see 
that b* defines an injection T°M ^-^ TpB. Under the isomorphism of 
Proposition ^^, this corresponds to the subspace l%T°M C T°E fl 



(ReL)-*- in the notation of the previous sections. 

One can also easily describe invariantly much of the Levi form of 
B at points of S. To do so, recall that if V is a real vector space and 
i G P(V) is a line in V, then there is a canonical isomorphism T^P(V) = 
IIom(£, V/£). For v G TiF{Y), the corresponding homomorphism C,v ^ 
Rom{£,W/i) is defined by ^y{L) = v + i, where ^ L e £ and v G 
TlY ^ V is any tangent vector with n,Xv) = v, and vr : V\ {0} ^ P(V) 
denotes the defining projection. Given p = {p, [L]) G S, we apply this 
taking V = Vp /VpE to obtain ioi v EVp a. homomorphism ^^ : [L] -^ 
V^/{^L®VpE). 

Recall from Proposition |4.2| that every element of TpB is of the 
form b*a for some a G T°E fl (ReL)-*-, and from Theorem [4.1| that 
(&*)^^(Vp-E) is a codimension 1 subspace of VpB. Direct calculation in 
local coordinates gives the following: 

Proposition 4.3. Let p = {p, [L]) G S and let a G T°E n (ReL)-^. 
Then 

1. Cb*a{Li,L2) = C„{b^Li,b^L2), if either 

(a) L,,L2e{b,Y\VpE), or 

(b) a G T°M and Li, Lg G VpB. 
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2. Ch,„{Li,v) =ia(Re^^{KLi)), for 
Li G {K)-\RL © VpE) and veVp. 

In l.(a), the Levi form on the right hand side of 1. is that of E, while 
in l.(b) it is that of M. Observe that the right hand side of 1. is not 
defined for general a e T°E n (ReL)-^ and Li,L2 G VpB. On the 
right hand side of 2., we view b^Li G [L] as usual as determined up 
to addition of an element of VpE. Also, a denotes the induced linear 
functional on Re(V^/(ML © VpE)) C TpE/(RReL + Re VpE). 

From either 1. or 2., one concludes that Ca{Li,v) = if a G TpB, 
V G CVp, and Li G (6*)^^(Vp-E). In particular, Cs.{vi,V2) = for 
Vi,f2 G CVp. (This latter is of course immediate from the fact that V 
is an integrable subbundle of TS.) Also, it follows from l.(b) that for 
a G T°M, one has Cb*a{Li,v) = ioi v e Cl^p and for all Li G VpB. 
However, if ct G T^B\b*{T°M), then from 2. one sees that C^iLi,v) ^ 
for some Li G VpB and v G Vp. Thus for any a G T?B \ h*{T°M), it is 
the case that C^ is an indefinite Hermitian form on VpB. 

The blow-up can be used to prove regularity theorems like those of 
the previous section. The geometry is particularly nice when one has 
solutions on two opposite wedges in M, with boundary values which 
agree on the edge. The solutions lift to solutions on B defined on op- 
posite sides of the hypersurface S, and the fact the boundary values 
agree implies that one obtains a solution in a full neighborhood of a 
point of S. Therefore the results of |PCT|| and |jC| can be applied on 
S, and the conclusions then reinterpreted on M. Consider for example 
Corollary |3.2| . The relevant fact on B is derived above: C^ is an indefi- 
nite Hermitian form on VpB for any a G T^B \ b*{T°M). According to 



Theorem 6.1 of JBCT]] , it follows that WF^{u) C h*{T°M) for any so- 



lution u on B. This can be easily reinterpreted on M to give Corollary 



0[ Similarly, one can prove two-sided versions of Theorems p.3| and 
p.6| by passing to B. For Theorem |3.3| , one uses again Theorem 6.1 of 
T|, but now applied to a G b*{T°M). For Theorem p^ , 



one uses 



Chang's theorem on B. Observe that often the relevant information 
on B is observed at one higher order than on M. Results for solutions 
on one-sided wedges in M reduce to the case of a noncharacteristic 



hypersurface boundary on B, for which Theorem LI can be applied. 
However, for both one- and two-sided wedges it seems ultimately more 
efficient to argue directly on M as in the previous sections of this paper. 
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